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A representer/on of the solution of the heat-conduction equation is 

examined in the form of a series, arranged in increasing order of 
derivatives of boundary time functions. 

In some  applicat ions of hea t -conduct ion  theo ry  use 
is made of  a r ep r e se n t a t i on  of  the solution of the hea t -  
conduct ion equation based  on a s e r i e s  expansion in 
powers  of  the heat  capac i ty  of the medium [1, 2]. 

In the genera l  case  the solution of  the o n e - d i m e n -  
s ional  heat conduction equation with coeff ic ients  de-  
pending on the coord ina tes  m a y  be r e p re se n t e d  by a 
s e r i e s  a r r a n g e d  in ascending o r d e r  of  der iva t ives  of  
boundary  t ime funct ions .  In the case  of  a homogeneous  
medium,  this  s e r i e s  is also a r r anged  in inverse  pow- 
e r s  of  the t h e r m a l  diffusivity.  The r ep re sen t a t i on  in 
question,  in pa r t i cu la r ,  gives a convenient  f o r m  of 
solution for  p rob lems  re l a t ing  to the propagat ion of  
heat  in mul t i l aye r  media ,  when the use  of an ope ra -  
t ional  method usual ly  entai ls  a la rge  volume of  ca l cu -  
lat ion.  

Let  the hea t -conduc t ion  equation be given in the in- 
t e r v a l a < x < b a s  

0 [K (x) 0-~--xT ] OT (1) 
=~(~ )  0---7- Ox 

with boundary  condi t ions  of the fo rm 

~ ~ + ~, T (a, t) = ~ (t), 

OT § ~+ T (b, t) = g (t), (2) 
~2 ~ x~b 

where  one of  the constants  /31 or/32, /31 for  defini te-  
ness ,  is d i f ferent  f r o m  zero ,  or  

OT ~.~ ( b ) ~  .~=t, g 
K (a) ~ = [ (t), K ox = (t), (2a) 

and with an init ial  condit ion 

Tit  0 = '~ (x). (3) 

We shal l  suppose that  the boundary  funct ions f(t)  
and q(t) a r e  cont inuous in some region  0 <- t -< t l, and 
have der iva t ives  of  all o r d e r s :  

d ~m)[(l) . j v t  d Im-II [(t) I dl(m d#rn-l) I ' 

d(m) q(l) d<'"-~)q(t) m = I 2 ..... (4) 
I dtl"------~ < v~ d #  m-L> , , 

In tegra t ing  (1) twice with r e s p e c t  to x with a - x -< 
_< b, and taking (2) into account ,  we obtain, f r o m  the 

continuity of  the functions T, K(x)(DT/Ox) and a T / a t  

b 

OT (~, t) d~, (5) T (x, t) = F (x, t) - -  Q (x, ~1 Ot 
a 

where  

F ( x , t )  f ~ V , [ 1 - - ~ 2 A ~ ( x ) l [ ( t )  . + - A ~ ( x ) g ( t ) ;  

~(~) [1 --~+_A~ (x)l c(~), a ~< ~ .<x  
Q(x, ~)= [ 

(x) [1 - -  ~ A ~ (~)1 c (~), x -~ ~ -< b; 
x 

, (x) = ) ~ % (a) ; A K (b) ~ ~ ~ (b). 
a 

In the case  of boundary  condit ions of  type (2a), a 
r e su l t  of  a s imi l a r  na ture  will be found for  the function 

q (x,t) = K  (x) OT (x, l) 
Ox 

Relat ion (5) is an in tegra l  equation in the va r i ab le  
x and a different ial  equation with r e s p e c t  to the v a r i -  
able t .  I ts  solution, cons t ruc ted  f r o m  the method of  
succes s ive  approximat ions ,  is 

r 

T (x, l) = F (x, t) ~,- E ( -  1)nTn (x, t), 
n ~ l  

(6) 

where  

b 

Tn (x, l) = i' Q'* (x, ~) OIn) F (~, l) d ~, 
, O# r~) 
a 

b 

Q.§ (x, ~.) = IO (x, ~) Q,, (~, ~) d ~, Iz = 1 ,2  . . . . .  
a 

QL (x  ~) = Q (x, ~), 

is a solution of the hea t -conduct ion  p rob lem without 
the initial condit ion.  It a lso gives a r ep re sen t a t i on  of  
the solution of  the or ig inal  p rob lem (1)-(3) af ter  the 
lapse  of a ce r t a in  t ime in terva l .  

Solution (6) is de te rmined  to an a c c u r a c y  up to an 
addit ive function w(x, t), sa t i s fy ing  the homogeneous  
equation 

f, 

w (x, t) = - - ,  at 
a 

(7) 
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By suitable choice  of  this  function we may  sa t i s fy  the 
init ial  condit ion (3). Then w(x, t) will have the f o r m  [3] 

1 w(x , t ) -  - -  x ~rc (x) 
(8) 

b 

X 2 u~ (x) exp (--).~ t) f ~/c (x) [(o (x)--T (x, 0)1 u,dx) dx, 
d n - -1  a 

where  X n and Un(X ) a re  c h a r a c t e r i s t i c  values  and n o r -  
mal ized  eigenfunct ions of  the homogeneous  in tegra l  
equation with s y m m e t r i c a l  kerne l  

b 

u (x) = "~ ,i ~/c (z)/c (~) Q (x, ~ ) .  (~) d ~, 
a 

and T(x, 0) is the value of function (6) when t = 0. 
It may  be shown that  an es t imate  exis ts  for  the 

quanti ty w(x, t) 

b 

] w (x, t) ' -<.'.- CM exp (--  ~ ) Sc (x) dx, 
a 

where 

(9) 

M = m a x  - - - -c (x) l  OxO { K(x)-c?xO [~ , a ~x~<b, 

b b 

B '~ = ~ ~ ~ (~) Q~ (x, ~) d~ d ~, 
J J c (~) 
a a 

b 

C = m a x S  c@~) [Q(x,[)[d[,a-~x-(-b~ 
a 

The convergence  of s e r i e s  (6) m a y  be es tabl ished 
f r o m  analogy with the convergence  of  the succes s ive  
approx imat ions  in the t heo ry  of F redho lm equations 
[4]. Then a suff icient  condit ion for convergence  has  
the f o r m  

B .  < 1, (10) 

where 

b b 

a a 

If we r e s t r i c t  se r i e s  (6) to the f i r s t  n t e r m s ,  the 
resu l t ing  e r r o r  is 

B"v"+t vrC-~ ( [ Lxf (t) l -t- [ Le g (0 [) R~ ~ (11) 
1 - - B , ~  

where  

b 

C1 = m a x  ~Q~(x, [ )d[ ,  a ( x . ( b ,  
a 

b 

L~ = 672 ~ [1 - -  62 A ~ (x)] 2 dx, 
a 

b 

L~ = A 2 ~ 42 (x) dx. 
a 

In the case  of a homogeneous  medium e(x) = c, 
K(x) = K, c / K  = 1/~4, b - a = l, and the quanti t ies 
Tn(x, t) and B may  be r e p r e s e n t e d  in the f o r m  

[2 

T,~(x,t)= 1 Tn(x, O, B = - - B ,  
34n 34 

n 

where  the funct ion Tn(x , t) and the quanti ty B do not 
depend on the heat  capaci ty ,  and so the expansion (6) 
coincides  with the expansion of the t e m p e r a t u r e  func-  
t ion in a s e r i e s  of  inve r se  powers  of  the t he rma l  dif- 
fusivi ty.  

NOTATION 

T-temperature; t-time; x, t-coordinates; K(x)-thermal con- 
ductivity; c(x)-votume heat capacity; f(t) and q(t)-boundary func- 
tions. 
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